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The chimney tube in musical acoustics: A textbook-level
formulation for students and musiciansa)

Katherine L. Saengerb)

115 Underhill Road, Ossining, New York 10562, USA

ABSTRACT:
The chimney tube, comprising connected body and chimney segments with respective diameters d1 and d2, is

ubiquitous in musical acoustics and can be a useful analog for flute embouchure holes, woodwind toneholes, and

organ pipes. Most treatments are complex and not readily accessible to lay audiences. Simple expressions for the

input impedance of ideal chimney tubes are derived by two methods. Chimneys short compared to the overall length

of the resonator are shown to have effective lengths larger than their physical length by the factor (d1/d2)2 when the

chimney is open and smaller by the same factor when closed. Examples presented range from a simple cylindrical

tube open at both ends to the classic Helmholtz resonator. Insights are provided about tonehole placement and the

tradeoffs between a tonehole’s position and diameter; how the resonance frequencies of an open-open chimney tube

with a short chimney do not depend on which end is used as the input; and the interesting way in which a long chim-

ney can change the spacing of the resonances from the 1:2:3 pattern of a cylinder open at both ends to the character-

istic 1:3:5 pattern of a cylinder open at one end and closed at the other.
VC 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons
Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1121/10.0012878
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I. INTRODUCTION

Chimney tubes, comprising connected body and chim-

ney segments with respective diameters d1 and d2, are ubiq-

uitous in musical acoustics and can provide useful analogs

in settings as diverse as the embouchure hole of the flute,

woodwind toneholes, and organ pipes. There is much in the

literature on the input impedance of resonators with a chim-

ney tube geometry.1–7 However, these treatments are gener-

ally quite complex and not readily accessible to lay

audiences interested in understanding, for example, why the

effective length of the flute embouchure hole is longer than

its physical length or how an instrument’s effective length is

affected by the diameter of its first open tonehole. With one

possible exception,8 even the standard musical acoustics

textbooks9–11 are a stretch for the novice reader, in part due

to the choice of a 3-way junction or branched resonator as

the starting point for the model structure.

This article seeks to remedy this situation by presenting

a textbook-level solution and derivation for the chimney

tube problem. It is hoped that the results of this exercise will

be of use to both curious wind-instrument players trying to

better understand the acoustics of their instruments and sci-

entist writers in need of a semi-technical reference to cite

when writing for non-specialists.

We begin with expressions for the input impedance of

idealized, open-input chimney tubes shown in Figs. 1 and 2.

This is followed by a look at the simplifications that result

in certain special cases (e.g., chimney tubes with short chim-

ney sections) and some of the peculiarities in the impedance

spectra that one can see with certain geometries of organ

chimney pipes. The ways in which real chimney tubes differ

from the idealized ones of the model will be assessed and

inaccuracies related to the omission of the end correction

terms will be remedied. Finally, we will outline two meth-

ods of deriving the input impedance expressions on which

this paper is based, leaving the details as homework prob-

lems suitable for an undergraduate musical acoustics course.

II. RESULTS AND DISCUSSION: IMPEDANCE
EXPRESSIONS

The frequencies of a resonator’s resonances (with fn

denoting the frequency of the nth resonance) can be found

from a function known as the input impedance, designated

by the expression Zin/Zc, where Zc is the characteristic

impedance, the input impedance of an infinitely long tube

having a cross-sectional area S identical to that of the reso-

nator’s input aperture (which gives Zc a value that is

inversely proportional to S). A plot of the absolute value (or

magnitude) of Zin/Zc (designated jZin/Zcj) vs frequency is

known as the input impedance spectrum; for open-input res-

onators, the frequencies of the resonances coincide with the

minima in jZin/Zcj. As will be shown in the derivations of

Sec. IV, the value of Zin/Zc for the open chimney case of

Fig. 1 and the closed chimney case of Fig. 2 are as follows:

a)This paper is part of a special issue on Education in Acoustics.
b)Electronic mail: klsaenger@yahoo.com
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Zin

Zc

open chimneyð Þ

¼ i
sin kL1ð Þcos kL2ð Þ þ S1=S2ð Þcos kL1ð Þsin kL2ð Þ
cos kL1ð Þcos kL2ð Þ � S1=S2ð Þsin kL1ð Þsin kL2ð Þ

� �
(1)

and

Zin

Zc

closedchimneyð Þ

¼�i
cos kL1ð Þcos kL2ð Þ� S2=S1ð Þsin kL1ð Þsin kL2ð Þ
sin kL1ð Þcos kL2ð Þþ S2=S1ð Þcos kL1ð Þsin kL2ð Þ

� �
;

(2)

where k ¼ 2pf=c; f and c are, respectively, the frequency in

Hz and the speed of sound (�3.4� 104 cm/s); i ¼
ffiffiffiffiffiffiffiffiffiffi
ð�1Þ

p
;

sin and cos are the trigonometric functions sine and cosine;

L1 and L2 are the lengths of the main tube and chimney

extension, respectively; and S1 and S2 are the cross-sectional

areas of tube sections 1 and 2 (equal to pd2
1/4 or pd2

2/4,

where d1 and d2 are the corresponding tube section

diameters).

We look at three special cases, all directly derivable

from Eqs. (1) and (2), with all but the first requiring some

trigonometric identities and algebra.12

When there is no chimney (L2¼0),

Zin

Zc

open chimneyð Þ ¼ i tan kL1ð Þ; (3)

Zin

Zc

closed chimneyð Þ ¼ �i cot kL1ð Þ: (4)

When the chimney diameter matches the diameter of the

body tube (i.e., S2¼S1),

Zin

Zc

open chimneyð Þ ¼ i tan k L1 þ L2ð Þð Þ; (5)

Zin

Zc

closed chimneyð Þ ¼ �i cot k L1 þ L2ð Þð Þ: (6)

When the chimney is short enough that kL2� 1 (a condition

reliably satisfied for the fundamental f1 whenever L2� L1),

cos(kL2) and cot(kL2) are approximately unity and sin(kL2)

and tan(kL2) can be replaced by kL2,

Zin

Zc

open chimneyð Þ ¼ i tan k L1 þ S1=S2ð ÞL2ð Þð Þ; (7)

Zin

Zc

closed chimneyð Þ ¼ �i cot k L1 þ S2=S1ð ÞL2ð Þð Þ: (8)

While it is not so easy to see where the minima are in jZin/Z0j
for the general case, it is quite easy for the special cases of

Eqs. (3)–(8):

• The minima of jtan(kL)j occur when kL ¼ n p (with n¼ 1,

2, 3,…), i.e., at fn ¼ n c/(2L).
• The minima of jcot(kL)j occur when kL ¼ (2n�1) p (with

n¼ 1, 2, 3,…), i.e., at fn ¼ (2n�1) c/(4L).

Because wall losses and radiation have been omitted

from the calculation, the values of jZin/Zcj at these minima

are equal to zero.

Equations (3) and (4) for the first special case (chimney

length¼ 0) can be found in most acoustics textbooks

FIG. 1. (Color online) Components of the effective resonator length for

open-open chimney tubes with a fundamental resonance f1 at c/(2Leffective).

Note that the effective length of the chimney is longer than its physical

length.

FIG. 2. (Color online) Components of the effective resonator length for

open-closed chimney tubes with a fundamental resonance f1 at c/(4Leffective).

Note that the effective length of the chimney is shorter than its physical

length.
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[see, for example, Ref. 10, Eqs. (8.24) and (8.25)]. Equations

(7) and (8) for the special case of a short chimney, the source

of the expressions in Figs. 1 and 2, are in agreement with alter-

native formulations of the same problem given in Ref. 11

(pp. 301–304) for a closed chimney and in Refs. 8 [Eq. (32.13)]

and 11 (pp. 317–320) for an open one.

As shown schematically in Figs. 1 and 2 for chimney

tubes with short chimneys, the frequency of the lowest (fun-

damental) resonance (f1) depends on the effective length of

the resonator, Leffective, equal to the sum of the body tube’s

length (L1) and the effective length of the chimney. The

effective length of the chimney is longer than the chimney’s

physical length L2 when the chimney is open (by the factor

S1/S2, the ratio of the body tube and chimney hole cross-

sectional areas S1 and S2), but shorter than its physical

length (by the same S1/S2 factor) when the chimney is

closed. Consequently, Leffective is longer than the sum of L1

(the body length) and L2 (the chimney length) for the

chimney-open tube and shorter than this sum for the

chimney-closed tube.

Equation (7) provides a useful way to better understand

two aspects of woodwind instrument design: (i) the effective

length of the flute embouchure hole (the part of the flute the

player blows into, located in the flute’s headjoint, as indi-

cated in Fig. 3) and (ii) the way in which the sounded pitch

is affected by the dimensions of the instrument’s first open

tonehole. This is true despite the fact that the chimney seg-

ments in these two cases are perpendicular to the main tube

axis rather than perpendicular to it, as was the case for the

generic chimney tubes of Figs. 1 and 2. The approximate

equivalence of the perpendicular and parallel geometries is

illustrated in Figs. 3(b) and 3(c) for the case of the embou-

chure hole in the flute headjoint.

The effective length of the flute’s embouchure hole is

longer than its physical length. As a result, the effective

length of the instrument is significantly longer than the dis-

tance between the embouchure hole and the first open tone-

hole. How does this come about? Looking at Fig. 3(a), one

sees that the flute headjoint has a diameter of �17 mm at the

position of the embouchure hole (reduced from the 19 mm

diameter of the flute body due to the headjoint taper). The

embouchure hole has a depth L2 of �5 mm and a cross-

sectional area S2 that is about 30%–40% of the cross-

sectional area of the flute body S1 (based on an embouchure

hole that has the shape of a rounded rectangle, �10 mm

across by �12 mm wide). This gives a S1/S2 ratio of �3 for

the bare embouchure hole. However, the player’s lips cover

about 40% of the embouchure hole area (reducing S2 to

about 60% of its nominal value) and act as a one-sided

extension of the embouchure hole wall (increasing the value

of L2 from a value of 0.5 cm to perhaps 1.0 cm). This leads

to an effective embouchure hole length of 1.0 cm � (3/0.6)

¼ 5 cm, in reasonable agreement with the values of �5 cm

suggested in Ref. 9 (p. 495) for low frequencies (with no

consideration of the cork cavity) and the frequency-

dependent 3 to 5 cm suggested by Ref. 10 (p. 541) for the

quasi-zero-volume cork cavity case in which the cork stop-

per is pushed into the point where it begins to obstruct the

embouchure hole.13

Regarding woodwind toneholes, the effect of tonehole

placement is clear even without Eq. (7): moving the tone-

hole away from the instrument’s input aperture increases the

instrument’s effective length, and lowers the pitch of the

played note. However, Eq. (7) points to how an instrument’s

sounded pitch is affected by tonehole dimensions. Just as

with the case of the flute embouchure hole, each tonehole

has an effective length that contributes to the instrument’s

total effective length when that tonehole is the first one

open. Increasing the diameter of the first open tonehole

decreases its effective length; to keep the same intonation,

the center of the modified tonehole must therefore be moved

further away from the embouchure hole. In instruments such

as baroque flutes and recorders with relatively small tone-

holes in a thick-walled body, the tonehole’s effective length

can be quite significant.

III. RESULTS AND DISCUSSION: IMPEDANCE PLOTS

Here we take a look at the predictions of Eqs. (1)–(8)

for various cases of interest and compare them to a “full-

strength” matrix method computation which fully includes

the complicating factors of the frequency-dependent end

corrections, losses from radiation, and losses from molecular

interactions with the resonator’s walls.14 Because the reso-

nances for open-input tubes occur at input impedance min-

ima, we plot the inverse of the input impedance, known as

the input admittance jZc/Zinj, so that the resonances show up

as peaks.

Figure 4 shows jZc/Zinj for the case of a plain (no

chimney) cylindrical tube that is either open at its far end

FIG. 3. Cross-section schematics of flute headjoint geometry: (a) headjoint

components (including a portion of the flute body to which the headjoint is

attached) and critical dimensions; (b) a close-up view of an idealized head-

joint with a much-reduced cork cavity volume; (c) the headjoint of (b) with

the cork cavity and embouchure hole reversed to emphasize the resem-

blance of the flute headjoint to a chimney tube.
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[Fig. 4(a)] or closed at its far end [Fig. 4(b)]. The wide

traces show the full-strength simulation and the thin dotted

traces show the predictions of Eqs. (3) and (4). Both sets of

spectra show approximately equally spaced maxima (peaks)

with minima (valleys), with peaks at the expected f1, 2f1,

3f1, etc., positions for the open-open tube and f1, 3f1, 5f1,

etc., positions for the open-closed tube. Note also that the

spectral contrast (vertical spacing between minima and max-

ima) is very much reduced in the full-strength calculations

due to the inclusion of the wall loss and radiation loss terms;

the fact that these losses increase with frequency is responsi-

ble for the gradual falloff in spectral contrast seen as one

moves from the lowest resonance to the highest.

However, the dotted thin line traces from expressions of

Eqs. (3) and (4) consistently overestimate the frequencies of

the minima and maxima. This is due to the omission of the

usual end correction, a length term that needs to be added to

each open end of the resonator. The end correction is fre-

quency dependent and has a value that is around 0.3� the

tube diameter. The thin line traces include a more accurate

expression [Eq. (14a) of Ref. 15] for these end corrections

and bring the frequencies of the extrema into good agree-

ment with those of the full-strength calculation.

The tubes of Figs. 4(a) and 4(b) also show the expected

factor of 2 difference in their f1 values, a consequence of f1

being c/(2L) for the open pipe and c/(4L) for the closed one.

Incidentally, a pedagogically interesting example of a transi-

tion from an open pipe to a closed one can be performed with

a flute headjoint. The experimenter first listens to the pitch

produced by blowing the headjoint by itself (no flute body).

The player then sticks a finger into the end of the headjoint to

shorten the air column length. Paradoxically, this lowers the

pitch rather than raises it, due to the fact that the end of the

tube is no longer open when the finger is fully inserted.

The tubes of Figs. 4(a) and Fig. 4(b) also show the

expected factor of 2 difference in their f1 values, a conse-

quence of f1 being c/(2L) for the open pipe and c/(4L) for

the closed one. Incidentally, a pedagogically interesting

example of a transition from an open pipe to a closed one

can be performed with a flute headjoint. The experimenter

first listens to the pitch produced by blowing the headjoint

by itself (no flute body). The player then sticks a finger into

the end of the headjoint to shorten the air column length.

Paradoxically, this lowers the pitch rather than raises it, due

to the fact that the end of the tube is no longer open when

the finger is fully inserted.

Figure 5 shows jZc/Zinj for the case of an open-open

tube with a short chimney, where the wide traces are again

for the full-strength calculations and the thin lines are for

the Eq. (1) expression with the end corrections included.

The upper section is for a chimney tube with the orientation

of the tube in Fig. 1(a); the lower section is for the same

exact tube but with the input and output switched (i.e., the

input is now at the end of the short, narrow chimney).

Interestingly, the frequencies of the peaks are identical for

both chimney tube orientations, while the shape of the peaks

and the positions of the minima are quite different. The thin

dotted line is for the short chimney approximation of

Eq. (7), i.e., for the case of a simple cylindrical tube of

FIG. 4. (Color online) Spectra for (a) an open-open cylindrical tube and (b)

an open-closed cylindrical tube of length L1 ¼ 40 cm and diameter

d1¼1.9 cm. Wide lines, full-strength computation of Ref. 14 with wall

losses (1.0� theoretical), radiation losses, and end corrections. Thin lines,

predictions of Eqs. (3) and (4), with (solid) and without (dotted) end correc-

tions. The dB scale is amplitude based (i.e., 10 logjZc/Zinj).

FIG. 5. (Color online) Spectra for an open-open chimney tube with a main

section length/diameter L1/d1 ¼ 40/1.9 cm and a chimney L2/d2 of 2.0/

0.95 cm (a); the same tube with the input and output switched (b). Wide

lines, full-strength computation of Ref. 14 with wall losses (1.0� theoreti-

cal), radiation losses, and end corrections. Thin lines, the predictions of

Eq. (1), with end corrections (solid); the predictions of Eq. (7) with end cor-

rections (dotted). The dB scale is amplitude based (i.e., 10 logjZc/Zinj).
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diameter d1 and length L1 þ (S1/S2)L2, using end corrections

based on the original d1 and d2 values. As expected, this

approximation shows regularly spaced peaks at 1, 2, 3, etc.,

at multiples of a common fundamental. However, the upper

resonances for the real chimney tube show a systematic dis-

placement to frequencies higher than nf1.

In a final example, Fig. 6 shows jZc/Zinj for two cases of

chimney tubes not amenable to simplifying approximations.

As before, the wide traces are for the full-strength calcula-

tions and the thin lines are for the applicable Eq. (1) or (2)

expressions with the end corrections included. The first case

[Fig. 6(a)] is for an organ pipe similar to ones studied in

Ref. 7, with an overall length of �80 cm, body to chimney

length ratio L1/L2 of �3, and diameter ratio d1/d2 of �4. The

long narrow chimney tends to shift the resonances from the

classic 1:2:3 ratio for an open-open cylindrical tube toward

the classic 1:3:5 ratio of an open-closed cylinder. The posi-

tions of the resonances have no simple pattern; organ mak-

ers and pipe designers attempt to optimize the placement of

the resonances so that the f3 or f5 line up with 3f1 or 5f1.7

The second case [Fig. 6(b)] is for a reversed open-

closed chimney pipe studied in Ref. 14, comprising a chlori-

nated polyvinyl chloride (CPVC) chimney and a polyvinyl

chloride (PVC) body tube. The open chimney (now with

dimensions L1 and d1) is at the input, and the body tube to

which it is connected (now with dimensions L2 and d2) is

closed at its far end. This chimney pipe had an overall

length of �32 cm, body-to-chimney length ratio of �2, and

body-to-chimney diameter ratio of �2.2; it is included in

this paper because the same full-strength model shown in

the plots (though with a wall loss term multiplied by 1.3 to

account for wall roughness) provided an excellent fit to the

experimentally measured resonance spectrum.

It is interesting to note that the chimney tube resonator

of Fig. 6(b) is quite similar in shape to the much-studied6

structure known as a Helmholtz resonator. Helmholtz resona-

tors have an open-closed geometry and comprise a closed,

hollow body section of volume V connected to a short and

narrow open neck section. With a sufficient shortening of the

Fig. 6(b) resonator’s narrow chimney section, the correspon-

dence between the two resonator structures is arguably exact.

The textbook expression (see, for example, Ref. 10, p. 14)

for the fundamental frequency of a Helmholtz resonator with

neck dimensions L1 and S1 and body volume V2 ¼ L2S2 is f1

¼ (c/2p)
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðS1=ðL1V2Þ

p
. It is therefore satisfying to know

that the identical result can be directly derived from the

Eq. (2) expression for an open–closed chimney tube: set Eq. (2)

to zero and solve for k with the cos terms approximated as unity

and the sin terms approximated as kL1 or kL2.

IV. BASIC DERIVATION OF CHIMNEY TUBE
IMPEDANCE

Here we derive Eq. (1) starting from Eq. (8.23) of Ref.

10 for the input impedance for an idealized cylindrical pipe

1 of length L1 and cross-sectional area S1:

Zin1
¼ Zc1

Zout1
cos kL1ð Þ þ iZc1

sin kL1ð Þ
i Zout1

sin kL1ð Þ þ Zc1
cos kL1ð Þ

" #
; (9)

where Zout1 is the impedance at the output end of the pipe

and Zc1
¼ qc=S1 is the characteristic impedance of pipe 1,

where q is the density of air and c is the speed of sound.

When the end of pipe 1 is closed, Zout1 ¼ 1, and Eq. (9)

reduces to

Zin1
closed pipe 1ð Þ ¼ �i Zc1

cot kL1ð Þ: (10)

When the end of pipe 1 is ideally open, Zout1 ¼ 0, and Eq.

(9) reduces to

Zin1
open pipe 1ð Þ ¼ i Zc1

tan kL1ð Þ: (11)

If there is a chimney (i.e., a second pipe) of length L2 and

cross-sectional area S2 at the output of the first pipe, the

quantity Zout1 is simply given by the right side of Eq. (10) or

(11), depending on whether the chimney is closed or open,

with Zc2
(equal to qc=S2 ¼ S1=S2ð Þ � Zc1

) and L2 substituted

for Zc1
and L1, e.g.,

Zout1
open pipe 2ð Þ ¼ i Zc2

tan kL2ð Þ

¼ i S1=S2ð Þ � Zc1
tan kL2ð Þ: (12)

Equation (13) shows Eq. (9) with the substitutions for a

chimney that is open,

FIG. 6. (Color online) Spectra for two chimney pipes: a generic open-open

organ chimney pipe with body L1/d1 of 60/7.9 cm and chimney L2/d2 of

18/1.9 cm (a); and an experimental open-closed CPVC/PVC chimney pipe

with a chimney L1/d1 of 10.45/1.2 cm and a body L2/d2 of 21.95/2.58 cm

(b). Wide lines, full-strength computation of Ref. 14 with wall losses, radia-

tion losses, and end corrections, where wall losses are 1.0� theoretical for

(a) and 1.3� theoretical for (b). Thin lines, predictions of Eqs. (1) or (2),

with end corrections. The dB scale is amplitude based (i.e., 10 logjZc/Zinj).
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Zin

Zc1

open chimney pipeð Þ

¼
i

S1

S2

� �
� Zc1

tan kL2ð Þcos kL1ð Þ þ iZc1
sin kL1ð Þ

� S1

S2

� �
� Zc1

tan kL2ð Þ sin kL1ð Þ þ Zc1
cos kL1ð Þ

2
6664

3
7775:

(13)

Equation (1) can then be obtained from Eq. (13) with a

minor rearrangement.

V. MATRIX DERIVATION OF CHIMNEY TUBE
IMPEDANCE

The pressure-based transfer matrix method (TMM) of

Ref. 14 is more general and is particularly useful for quasi-

one-dimensional tubular resonators (such as the modern

flute) having geometries that are more complex, but still

describable in terms of cylindrical tube segments in combi-

nation with open and closed branches. It is very tedious to

get from the starting TMM equations to Eqs. (1) and (2), but

the process is straightforward.

The quantities being evaluated are the amplitudes of the

forward-going and backward-going pressure waves, Pþn and

P�n , in each tube segment n. Using the two-segment chimney

tube geometries shown in Figs. 1 and 2, the quantities of

interest are Pþn and P�n with n¼ 1, 2, and 3 corresponding,

respectively, to tube segment 1, tube segment 2, and the

ambient at the output end of the tube. When the chimney

portion of the chimney tube is open, Pþ3 is not initially

known and P�3 is zero (since there is no back-reflected wave

in the outside ambient); when the chimney is closed, Pþ3 is

zero (since nothing is going into the outside ambient) and

P�3 is initially unknown.

The input impedance for the resonator is given by

Zin

Zc

¼
1þ P�1

Pþ1

1� P�1
Pþ1

: (14)

The quantities Pþ1 and P�1 are found from the deceptively

simple equation

Pþ1
P�1

� �
¼ C2 C3

t2 t3

Pþ3
P�3

� �
; (15)

where

C2 ¼ eikL1 r2eikL1

r2e�ikL1 e�ikL1

� �
; (16)

C3 ¼ eikL2 r3eikL2

r3e�ikL2 e�ikL2

� �
; (17)

rj ¼
P�j�1

Pþj�1

¼ Sj�1 � Sj

Sj�1 þ Sj

; (18)

and

tj ¼
Pþj

Pþj�1

¼ 2Sj�1

Sj�1 þ Sj

; (19)

where S3 ¼ 0 for the closed chimney tube, S3 ¼ 1 for the

open chimney tube, and Eqs. (18) and (19) are evaluated for

j¼ 2 and j¼ 3. More detail on the general version of this

method, suitable for an arbitrarily large number of tube seg-

ments and fully accounting for radiation and wall losses, can

be found in the original reference.14

VI. CONCLUDING REMARKS

The present analysis has limitations: it omits radiation

and wall losses, neglects the effects of the discontinuity

of the bore where the chimney and main tube sections

meet (an issue which can be treated, when necessary, by

introducing inner end corrections3 and/or modal expansion/

decomposition5,11), and ignores the fact that the 1-dimensional

models are not always well suited to geometries in which the

tube segment lengths are not substantially longer than their

diameters. It is hoped that the present treatment of the chim-

ney tube will be found useful both as a guide to the intuition

and as a stepping stone to the more complex treatments in the

literature [as well as to a treatment buried in Ref. 11

(pp. 317–320) that is arguably equivalent to the present one].
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